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Abstrat. We study non-linear struture formation in the presene of dark energy.
The inuene of dark energy on the growth of large-sale osmologial strutures is
exerted both through its bakground eet on the expansion rate, and through its
perturbations as well. In order to ompute the rate of formation of massive objets we
employ the Spherial Collapse formalism, whih we generalize to inlude uids with
pressure. We show that the resulting non-linear evolution equations are idential to
the ones obtained in the Pseudo-Newtonian approah to osmologial perturbations, in
the regime where an equation of state serves to desribe both the bakground pressure
relative to density, and the pressure perturbations relative to the density perturbations
as well. We then onsider a wide range of onstant and time-dependent equations of
state (inluding phantom models) parametrized in a standard way, and study their
impat on the non-linear growth of struture. The main eet is the formation of
dark energy struture assoiated with the dark matter halo: non-phantom equations
of state indue the formation of a dark energy halo, damping the growth of strutures;
phantom models, on the other hand, generate dark energy voids, enhaning struture
growth. Finally, we employ the Press-Shehter formalism to ompute how dark energy
aets the number of massive objets as a funtion of redshift (number ounts.)
Keywords: Cosmology: theory  Cosmology: large-sale struture of the Universe
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1. Introdution
Observations of high-redshift SNIa imply that the expansion of the universe has been
aelerating in the past few billions of years [1, 2, 3, 4℄. This is orroborated by
at least three broadly independent observations: the angular spetrum of the osmi
mirowave bakground temperature utuations [5, 6℄, the galaxy-galaxy orrelation
funtion, whih traes the spatial distribution of large-sale struture [7, 8℄, and the
baryon aousti osillations [9℄. Presently, the ombined datasets favour a at universe
with Ωm ≃ 0.27, where the remaining 73% of the energy budget is taken up by dark
energy.
These observations suggest that the dominant ontribution to the present energy
density of the Universe an be desribed by a dark (i.e., weakly or non-interating)
uid with equation of state (EoS) wde = pde/ρde < −1/3. A partiular ase of suh
a substane would be the osmologial onstant, Λ, for whih wΛ = −1. Many other
models with wde 6= −1 have been proposed, usually in the framework of a salar eld
(quintessene") or some other form of osmi uid with negative pressure  see, e.g.,
[10℄ for a omprehensive review.
A more diret approah to the phenomenology of dark energy has been reently
adopted, in whih the equation of state wde is expressed in terms of a ertain
parametrization with respet to its time dependene [11, 12, 13, 14℄. Although
determining the equation of state as a funtion of redshift would probably not help
to reveal the nature of dark energy, it ould go a long way towards disriminating
among existing models. Hene, one of the most important tasks ahead for observational
osmology is to gather suient data to suessfully and inequivoally distinguish
between this landsape of possibilities. As for theorists, the hallenge is to determine
in whih additional ways dark energy may manifest itself in nature, apart from the
aeleration of the overall expansion rate of the Universe.
One of the ways in whih dark energy hanges the evolution of our loal Universe
is through its inuene over the rates of formation and growth of ollapsed strutures
(halos). Sine all galaxies and quasars, as well as supernovae and putative soures
of gamma-ray bursts, lie inside ollapsed strutures of some type or another, their
distribution in size, spae and in time will reet to some extent the inuene of dark
energy.
There are basially three mehanisms through whih dark energy aets large-sale
struture. First, the ollapse of an overdense region due to gravitational instability
is slowed down by the Hubble expansion drag, so any additional omponent whih
inreases the expansion rate for the same value of the energy density will dampen the
formation of ollapsed strutures. Seond, as the aelerated expansion piks up speed,
the large-sale gravitational potentials grow slower, then start to deay. This means
that, as dark energy beomes the dominating dynamial omponent of the Universe,
some large-sale overdensities will grow slower, and the proess of gravitational ollapse
will even reverse itself at sales omparable to the Hubble horizon. And third, if dark
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energy is not the osmologial onstant then it must utuate both in time and in
spae. Hene, dark energy not only feels the gravitational pull of a matter halo, but
it tends to form halos itself, thus inuening bak those matter halos in a non-linear
manner. Notie that the rst two mehanisms aet ollapsed strutures only indiretly,
through hanges in the Hubble expansion rate, while the third mehanism depends on
the lustering properties of dark energy. Sine dierent models of dark energy an easily
produe the same homogeneous expansion rate, but they hardly ever produe the same
perturbations, the largest potential to probe the nature of dark energy possibly omes
from suh perturbative mehanisms.
In a previous paper, two of the present authors have studied the inuene at the
bakground level (no dark energy utuations) of dierent parametrizations of the dark
energy equation of state (EoS) in the evolution of dark matter perturbations and in the
nal number ounts of dark matter halos [15℄. Our main purpose in this paper is to
extend this analysis by studying non-linear struture formation inluding the possibility
of dark energy utuations.
Related approahes were reently developed by Nunes & Mota [16℄, Manera & Mota
[17℄, Nunes, Silva & Aghanim [18℄ and Dutta & Maor [19℄, but those works onsidered
salar eld dark energy. Here we fous instead on dark energy as desribed by some
parametrization for the EoS as a funtion of redshift. This is more general than the
salar eld approah, sine the EoS is diretly related to the physial observables most
widely used to measure osmi aeleration. Moreover, in ontrast to [16, 17℄, we were
able to investigate the non-linear regime of both dark matter and dark energy lustering
onsistently, and we have found that it has an important eet on the formation of
massive objets (M > 1013M⊙). Although the desription of dark energy entirely in
terms of its EoS may be too restritive, the present work proves that the impat of
dark energy perturbations on the formation of ollapsed objets is both substantial and
observable.
This paper is organized as follows. In Se. 2 we extend the traditional Spherial
Collapse (SC) model, originally used only to desribe gravitational ollapse in the
absene of pressure, to inorporate the possibility of oupled perturbations in 2 uids,
namely pressureless dark matter and negative pressure dark energy. We verify this
generalization showing under what onditions the SC model is equivalent to a Pseudo-
Newtonian (PN) perturbation theory approah. In Se. 3 we study the linear evolution
of the generalized SC equations, and the eets of dark energy on the formation and on
the initial stages of the evolution of matter halos. In Se. 4 we analyze the fully non-
linear system of SC equations, and how the formation of strongly non-linear (ollapsed)
matter halos both aets and is aeted by dark energy halos. In Se. 5 we show
how our results an be inluded in a Press-Shehter formalism in order to derive the
onsequenes to dark matter halos number ounts. We onlude in Se. 6.
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2. The spherial ollapse model and its generalizations
The simplest (semi-) analytial tool to study non-linear struture formation is the SC
model [20℄. It has been shown that the SC equations an be atually derived from
General Relativity, as long as shear does not play a signiant role [21℄.
Most studies about the impat of dark energy on struture formation were
performed under the assumption that dark energy is uniformly distributed. In this
ase, where dark energy aets only bakground quantities, the SC model an be easily
modied to inorporate dark energy eets. For instane, the abundane of rih lusters
of galaxies estimated within the SC model was used to onstrain the osmologial
model and the properties of dark energy uid in the ontext of the simplest ase of
a osmologial onstant [22, 23℄, in the ase of a onstant wde 6= −1 [24, 25, 26, 27, 28℄,
as well as the ase of dynamial dark energy models with some parametrizations of
wde(t) [15℄.
However, the standard SC framework was originally designed to desribe
perturbations in pressureless matter, while we are interested in the eets of
perturbations in an extra omponent whose pressure is very large and negative. If we
want to study a gravitationally oupled system of matter (we do not distinguish between
dark matter and baryons here) and dark energy, the SC model must be expanded beyond
the realm of the Einstein-de Sitter model.
Consequenes of dark energy utuations in the studies of struture formation are
more naturally inorporated by introduing a salar eld with a suitable potential to
model the dark energy omponent, suh as the quintessene eld. In this approah, the
authors of Refs. [16, 17, 29, 30℄ proposed an extension of the SC equations that take into
aount utuations in the dark energy eld for minimally and non-minimally oupled
quintessene eld.
It is often more onvenient, and ompletely equivalent at the bakground level, to
introdue a time-dependent parametrization for the dark energy EoS, wde(z). Sine it is
possible to reonstrut the salar eld potential from a general parametrization of dark
energy, or diretly from the EoS wde(z) [31, 32℄, the two approahes are in fat losely
related. Our goal in this setion is to generalize the SC model with a uid desription
of dark energy in order to inlude the possibility of dark energy utuations.
We will hek this generalized SC model with the results from the Pseudo-
Newtonian (PN) approah to osmology [33℄ for perfet uids with pressure. The
advantages of the PN framework are that it is both simpler than full-blown non-linear
General Relativity (GR), and more intuitive. Cruially, it is in good agreement with
GR in the linear regime [34, 35℄. As we will see, the PN approah is also partiularly
useful if we want to keep ontat with the desription of dark energy in terms of a
parametrization for its EoS, and it an be easily generalized to a multi-uid system.
The only remaining question is whether the two approahes agree with eah other.
Next we verify under whih onditions the SC model is equivalent to the PN approah.
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2.1. Spherial Collapse
The ontinuity equation for a single perfet uid j with bakground density ρj and
pressure pj = wjρj is given by:
ρ˙j + 3Hρj (1 + wj) = 0 , (1)
where H = a˙/a is the Hubble parameter. Consider now a spherially symmetri region
of radius r and with a homogeneous density ρcj (a top-hat distribution). Suppose that,
at time t, ρcj (t) = ρj(t) + δρj . If δρj > 0 this spherial region will eventually ollapse
from its own gravitational pull, otherwise it will expand faster than the average Hubble
ow, generating what is known as a void. The evolution of suh simplied spherial
regions an be desribed in lose analogy with the ontinuity Eq. (1), but now with
pcj = wcjρcj :
ρ˙cj + 3hρcj
(
1 + wcj
)
= 0 , (2)
where h = r˙/r denotes the loal expansion rate inside the spherial region. Note
that, in priniple, we ould have dierent equations of state inside and outside the
spherial region, wcj 6= wj. In fat, the dierene between the loal and the bakground
equations of state δwj ≡ wcj − wj an be related to the uid's eetive speed of sound,
c2eff j = δpj/δρj, through:
δwj =
δρj
ρj + δρj
(c2eff j − wj). (3)
Usually, c2eff is regarded as a free parameter  although, rigorously, in perturbation theory
the only other free parameter is the true sound speed of inhomogeneities, c2X [36℄. Here
the sound speed c2eff is dened as the ratio between two independent perturbative degrees
of freedom, so not only it is gauge dependent, but it may depend also on the initial
onditions for those perturbations. Therefore, c2eff stands as a proxy for the pressure
perturbations.
For simpliity, and in order to make ontat with the PN equations, we will onsider
the ase where the EoS is the same inside the ollapsing sphere and in the bakground,
so we take δwj = 0 and thus c
2
eff j = wj. This situation an be readily obtained in ases
suh as a slow-rolling salar eld.
It should be noted that, in priniple, there are instabilities in the growth of
inhomogeneous perturbations whenever the sound speed beomes negative. However,
within the spherial ollapse model with a top-hat prole and the assumption of a
spae-independent c2eff , there are no pressure or density gradients, so no suh problem
of instabilities arises.
By the same token as the rst Friedmann equation, onsider now the seond
Friedmann equation applied to the spherial region:
r¨
r
= −
4πG
3
(ρc + 3pc) . (4)
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Notie that the density and pressure that appear in Eq. (4) are the sum of densities and
pressures of all ontributing uids, while the ontinuity Eqs. (1)-(2) are valid for eah
individual uid (in the absene, of ourse, of diret ouplings between those uids.)
It is useful to dene the density ontrast of a single uid speies j by the relation:
δj + 1 =
ρcj
ρj
. (5)
Dierentiating this with respet to time we obtain:
δ˙j = 3(1 + δj)(H − h)(1 + wj) , (6)
where we assumed wcj = wj. Dierentiating again with respet to time and employing
the equations for the bakground and for the spherial region, we an derive the following
non-linear evolution equation for δj :
δ¨j +
(
2H −
w˙j
1 + wj
)
δ˙j − 4πG (1 + wj) (1 + δj)
∑
k
ρkδk (1 + 3wk) =
[
4 + 3wj
3(1 + wj)
]
δ˙2j
1 + δj
. (7)
Notie that we admit the possibility of a time-dependent EoS. For a system of n
uids, we must onsider n equations suh as (7), all oupled gravitationally through
the term proportional to Newton's onstant. Although they are not derived rigorously
from General Relativity, we will see next that these equations nd support in the PN
approximation to gravitational interations.
2.2. Pseudo-Newtonian Cosmology
Consider now the PN osmologial model, desribed by the equations [33℄:
∂ρj
∂t
+ ~∇r · (~ujρj) + pj ~∇r · ~uj = 0 , (8)
∂~uj
∂t
+
(
~uj · ~∇r
)
~uj = −~∇rΦ−
~∇rpj
ρj + pj
, (9)
∇2rΦ = 4πG
∑
k
(ρk + 3pk) , (10)
where ρj , pj , ~uj and Φ denote, respetively, the density, pressure, veloity and the
Newtonian gravitational potential of the osmi uid. These equations are, respetively,
generalizations of the ontinuity equation, of Euler's equation (both valid for eah uid
speies j), and of Poisson's equation (whih is valid for the sum of all uids.)
Cosmologial perturbations are introdued by admitting inhomogeneous deviations
away from the bakground quantities:
ρj = ρ0j (t) + δρj(~x, t) , (11)
pj = p0j (t) + δpj(~x, t) , (12)
~uj = ~u0j(t) + ~vj(~x, t) , (13)
Φ = Φ0(t) + φ(~x, t) . (14)
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Changing to omoving oordinates, ~x = ~r/a, (heneforth ~∇ refers to gradient
with respet to omoving oordinates ~x) and using δj = δρj/ρ0j , we nd the following
equations for the perturbed quantities:
δ˙j + 3H
(
c2eff j − wj
)
δj = −
[
1 + wj +
(
1 + c2eff j
)
δj
] ~∇ · ~vj
a
−
~vj · ~∇δj
a
(15)
~˙vj +H~vj +
~vj · ~∇
a
~vj = −
~∇φ
a
−
c2eff j
~∇δ
a
[
1 + wj + (1 + c2eff j)δj
] , (16)
∇2φ
a2
= 4πG
∑
k
ρ0kδk
(
1 + 3c2eff k
)
, (17)
where c2eff j ≡ δpj/δρj is the eetive sound speed of eah uid. In order to obtain these
equations we have assumed that wj and c
2
eff j are funtions of time only.
Notie that Eqs. (15)-(17) are valid even if δj is not small, so we an use them to
follow the evolution of a ollapsing region well into the non-linear regime. In fat, the PN
equations of motion beome a better approximation as the size of the system shrinks due
to gravitational ollapse. This is easy to see by notiing that in most ollapsed regions
of the Universe the density ontrast δj may be extremely large, but the gravitational
potentials are small, φ≪ 1, and the loal relative (peuliar) veloities are almost never
relativisti. Hene, the PN equations may be a poor approximation at the moment of
turnaround (when a spherial region breaks away from the Hubble ow) for the sales
omparable to the Hubble horizon at the time of turnaround, but for all other sales
and epohs it is a good approximation that beomes progressively better as the system
ollapses.
In order to simplify the PN equations, it is useful to dene:
θj ≡ ~∇ · ~vj , (18)
Cj ≡ a
−1~∇ ·
[(
~vj · ~∇
)
~vj
]
, (19)
and
fj ≡ ~∇ ·
[
~∇φ
a
+
c2eff j
~∇δj
a
(
1 + wj + δj + c
2
eff jδj
)
]
, (20)
so that by taking the divergene of (16) we obtain:
θ˙j +Hθj + Cj = −fj . (21)
We also dene:
Aj ≡ 3H
(
c2eff j − wj
)
δj , (22)
Bj ≡ 1 + wj +
(
1 + c2eff j
)
δj , (23)
and by negleting the term ~vj · ~∇δj , whih is of order of v2j/c
2
, we an ast Eq. (15) in
the form:
δ˙j + Aj +
θj
a
Bj = 0 . (24)
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Taking the partial derivative of (24) with respet to time, using Eq. (21) to eliminate
θ˙j and Eq. (24) to eliminate θj we get:
δ¨j + A˙j +
(
Aj + δ˙j
)(
2H −
B˙j
Bj
)
−
Bj
a
(fj + Cj) = 0. (25)
In the appendix we expliitly show that, for a single uid with c2eff = w = const, PN
and GR at the linear level dier only by a deaying mode.
Now we try to make ontat with the SC equations. In order to reprodue Eq. (7)
we must, rst of all, assume that the veloity prole is onsistent with the hypothesis of
spherially symmetri ollapse of a top-hat inhomogeneity, i.e., ~vj = θ(t)/3 ~x. Seond,
we also have to assume that c2eff j = wj . Notie that beause the intrinsi non-adiabati
pressure Γj ∼ δpj − c2s jδρj , where the adiabati sound speed is c
2
s j =
p˙j
ρ˙j
, our hoie
implies some amount of intrinsi entropy perturbations for the dark energy uid.
With these hoies we have: Aj = 0, Bj = (1 + wj) (1 + δj) and Cj = θ
2
j/3a.
Notie that, with this veloity eld, the LHS of equation (21) is idential to that of
Rayhaudhuri's equation when we assume that θj is a funtion of time only:
θ˙j +Hθj +
θ2j
3a
= −fj . (26)
This equation redues to the one found in [21℄ if we neglet the gradients of the density
ontrast in fj. Sine we are onsidering the spherial ollapse of a top-hat distribution
(whih is homogeneous inside the radius r), the terms inluding ~∇δj whih appear in fj
vanish. Under these onditions, Eq. (25) redues to the equation for SC, Eq. (7).
It is interesting that in fat we were fored to assume both that wcj = wj in the SC
formalism, and that c2eff j = wj in the PN formalism, in order that the two frameworks
would result in idential equations. This is a further motivation for our hoies of
δwj = 0 and c
2
eff j = wj: only in this senario we an trust that the physis of non-linear
spherially symmetri ollapse is well desribed by our dynamial equations. In order
to desribe a more general situation probably neither approah is suited, and one would
be fored to resort to full-blown General Relativity. However it is possible that the
numerial dierenes between SC and PN for other hoies of δwj and c
2
eff j are small.
2.3. Equations for non-linear spherial ollapse in the presene of dark energy
We obtained non-linear dierential equations that haraterize the growth of spherially
symmetri perturbations in uids with arbitrary time-dependent equations of state.
These equations are oupled through the gravitational interations. We saw that
both the PN and SC approahes agree with General Relativity for a pressureless
uid; furthermore, we have shown that they agree with eah other in the ase where
c2eff j = wcj = wj and if the density prole is a top-hat (
~∇δj = 0 .)
Partiularizing to a model with only non-relativisti matter and dark energy, in
whih the latter is haraterized solely by its EoS, the top-hat spherial regions evolve
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aording to a system of equations equivalent to (7):
δ¨m + 2Hδ˙m −
4δ˙2m
3 (1 + δm)
=
3H2
2
(1 + δm) [Ωmδm + Ωdeδde (1 + 3wde)] ,(27)
δ¨de +
(
2H −
w˙de
1 + wde
)
δ˙de −
[
4 + 3wde
3(1 + wde)
]
δ˙2de
1 + δde
=
3H2
2
(1 + wde) (1 + δde) [Ωmδm + Ωdeδde (1 + 3wde)] , (28)
where δm is the density ontrast in matter and δde is the density ontrast in the dark
energy omponent. These are the equations we will study in the following setions.
3. Solutions in linear regime
The linear regime of osmologial perturbations is valid for all sales during the radiation
era, and for most sales during the matter era up until very reently. The initial stages
of the proess of gravitational ollapse are indeed very well desribed by the linear
regime for all but the smallest sales. Sine this is a simple system whih an be studied
almost entirely with analytial tools, it is useful to try and extrat some physis from
Eqs. (27)-(28) while they are still in the linear regime. Negleting the O(δ2) terms we
obtain:
δ¨m + 2Hδ˙m =
3H2
2
[Ωmδm + Ωdeδde (1 + 3wde)] , (29)
δ¨de +
(
2H −
w˙de
1 + wde
)
δ˙de (30)
=
3H2
2
(1 + wde) [Ωmδm + Ωdeδde (1 + 3wde)] .
In priniple, we an employ any given parametrization for dark energy as a funtion
of time or redshift, but in order to nd losed analytial formulas we initially take
wde =onstant. We start by solving Eqs. (29)-(30) well inside the matter-dominated
period (z = 103), when it is a good approximation to assume that Ωde ≈ 0 and Ωm ≈ 1.
Changing the time variable to the sale fator a, the equations beome:
δ′′m +
3
2
δ′m
a
−
3
2a2
δm = 0 , (31)
δ′′de +
3
2
δ′de
a
−
3
2a2
(1 + wde) δm = 0 , (32)
where a prime denotes derivative with respet to a.
As is widely known, in this ase the solution for the matter density ontrast is
δm (a) = C1 a + C2 a
−3/2
, where C1 and C2 are arbitrary onstants. Negleting the
deaying mode of the matter density ontrast, Eq. (32) then has the solution:
δde = C1 (1 + wde) a + C3 = (1 + wde) δm + C3 . (33)
It is interesting to note that the adiabati ondition is δde = (1 + wde) δm. Hene,
any value C3 6= 0 implies a non-adiabati initial ondition  i.e., in suh a ase
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the perturbations have an isourvature omponent. However, loal non-adiabati
perturbations are unstable, sine they orrespond to pressure gradients between the
internal and external parts of the spherial region. These pressure gradients must
eventually anel out, so any non-adiabati omponent must deay during the evolution
of the perturbations, leaving only the usual adiabati (urvature) utuations.
Notie that the ondition of adiabatiity is dierent in the usual dark energy
models (wde > −1) ompared to phantom models (wde < −1): for phantom models,
adiabati initial onditions mean that any initial overdensity in matter is mathed by
an underdensity in dark energy, and vie-versa. So, for example, take a phantom dark
energy model and a positive density perturbation in dark matter. If initially the dark
energy perturbation is also positive, then the pressure gradients will ause the dark
energy halo to deay, then to turn it into a void, thus swithing the sign of the dark
energy perturbation  see [29℄ for a similar swithing eet.
The eet of dark energy perturbations on the evolution of dark matter
perturbations is easily understood from Eq. (29): dark energy perturbations beome
a soure for dark matter perturbation. Sine (1 + 3wde) < 0, a dark energy overdensity
dereases dark matter lustering, whih is intutitive sine a loal onentration of dark
energy would speed up the aeleration in that region. The opposite holds for a region
with a dark energy underdensity. We show some examples in the next subsetions. For
the remainder of the paper we adopt Ωm = 0.25, Ωde = 0.75 and h0 = 0.72.
3.1. Constant wde: non-phantom models
In the ase of non-phantom dark energy we have 1 + wde > 0, and therefore Eq. (33)
implies that a region ontaining a matter overdensity (δm > 0) indues a dark energy
overdensity (δde > 0) in that same region. Conversely, a matter underdensity region
(δm < 0) indues a dark energy underdensity (δde < 0). Hene, in the non-phantom ase
a halo of dark matter indues a halo of dark energy, and a void of dark matter indues a
void of dark energy. This behaviour is generi if we limit the sope of initial onditions
to adiabati perturbations  as predited by ination and onrmed by WMAP [6℄.
In order to study the impat of dark energy utuations on the growth of dark
matter perturbations we show in Fig. 1 the evolution of δm with and without the inlusion
of dark energy utuations, for two dierent values of the EoS: wde = −0.9 and −0.8.
We use adiabati initial onditions at zi = 1000, with δ
′
m(zi) = −δm(zi)/(1 + zi).
The initial ondition on the derivative of the density perturbation omes from the
assumption that dark energy is negligible initially. As the gure shows, the inlusion of
dark energy perturbations atually suppresses the growth of dark matter perturbations
in this ase. The dierenes in the linear regime are roughly proportional to 1 + wde.
In this same gure we also show the growth of the dark energy perturbation, whih is
muh smaller than the matter utuation, as expeted, but also tends to form a dark
energy halo.
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Figure 1. Growth of matter perturbation with (solid lines) and without (dashed lines)
dark energy perturbations together with growth of dark energy perturbations (dotted lines)
for wde = −0.8 (left panel) and wde − 0.9 (right panel).
3.2. Constant wde: phantom models
In the ase of phantom dark energy we have 1+wde < 0, and therefore Eq. (33) implies
that a matter overdensity region (δm > 0), whih will later beome a dark matter halo,
indues a dark energy density void (δde < 0), and vie-versa. Again, this behaviour is
generi for purely adiabati initial onditions.
In Fig. 2 we show the eets of dark energy utuations on the growth of dark
matter perturbations for two dierent values of the EoS, wde = −1.1 and −1.2. As in
the ase of non-phantom dark energy, the dierenes are small and inrease with larger
values of |1+wde|. However, ontrary to the non-phantom ase, utuations in phantom
dark energy enhane the growth of dark matter perturbations. We also show the growth
of the dark energy perturbation whih, as expeted, tends to form a dark energy void.
3.3. Varying wde
In the framework of single salar eld desriptions of dark energy it is impossible for
the EoS to ross the so-alled phantom barrier at wde = −1 [37℄. However, in our
phenomenologial approah we ould in priniple have a time-varying parametrization of
wde(z) rossing the phantom barrier. In fat, this is the ase with many parametrizations
adjusted to t SNIa data [14℄.
The existene of a phantom barrier is hinted in our approah by the presene of the
term w˙de (1 + wde)
−1
in Eq. (30). Although the divergene at wde = −1 is not neessarily
fatal for the solutions of the dierential equations, here we onsider only dark energy
parametrizations that are phantom or non-phantom during all times.
We will study a parametrization of the dark energy EoS of the form [38℄:
wde = w0 + w1(1− a) = w0 + w1
z
1 + z
, (34)
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Figure 2. Growth of matter perturbation with (solid lines) and without (dashed lines)
dark energy perturbations together with growth of dark energy perturbations (dotted lines)
for wde = −1.1 (left panel) and wde = −1.2 (right panel).
and we hoose parameters w0 and w1 whih are onsistent with the 2σ regions whih
are jointly onstrained by observations of the CMB, supernovas and baryon osillations
 see, for instane, [39, 40℄.
In Fig. 3 we show the impat of dark energy uutations for a variable EoS for both
phantom and non-phantom ases. The results are similar to the onstant EoS ases.
Figure 3. Evolution of δm (z) in linear regime with dark energy adiabati IC with
w0 = −0.75 and w1 = 0.4 (non-phantom, left gure) and with w0 = −1.1 and w1 = −1
(phantom, right gure) inluding dark energy perturbations (full line) and without dark
energy perturbations (dashed line). The growth of dark energy perturbations (dotted line)
is also inluded.
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4. Non-linear regime
In the non-linear regime, as in the linear regime, we onsider again only models
that are phantom or non-phantom at all times. We solve Eqs. (27)-(28), and for
brevity's sake we limit our sope to the parametrizations disussed in subsetion 3.3:
(w0, w1) = (−0.75, 0.4) and (−1.1,−1). In partiular, we are interested in the impat
of the dark energy utuations on the ollapse of dark matter strutures. We will see
that the eets found in the linear ase (of the order of a few perent) are amplied by
the non-linear evolution.
In Fig. 4 (left panel) we show the dark matter density ontrast for initial onditions
hosen suh that the ollapse (indiated by the divergene of the density ontrast) of a
spherial dark matter struture happens at the present time (z = 0). Physially, this
would orrespond to the formation of an objet suh as a superluster. Dark energy
utuations have a dramati eet in this ase: in the non-phantom ase, that struture
would have ollapsed muh earlier if the dark energy utuations had not been taken
into aount. In the right panel of Fig. 4 we also show a phantom parametrization,
where initial onditions are hosen suh that the ollapse of the dark matter struture
takes plae today without dark energy perturbations. In this ase, the inlusion of
dark energy perturbations enhanes the lustering of dark matter and ause that same
struture to ollapse earlier.
Figure 4. Non-linear evolution of δm (z) for dark matter with (solid) and without (dashed)
dark energy perturbation for the ase of a non-phantom (left panel) and a phantom (right
panel) parametrization. In the left panel, initial onditions are hosen suh that dark matter
with dark energy perturbations ollapses today (z = 0), whereas in the right panel initial
onditions are hosen suh that dark matter without dark energy perturbations ollapses
today.
In Fig. 5 we ontrast the evolution of the non-linear densities in dark matter and
dark energy against the evolution of the linearized densities. In that gure the initial
onditions are hosen suh that the non-linear dark matter perturbation diverges at
z = 0. Hene, the value of the linearized dark matter perturbation at z = 0 in this ase
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orresponds to the denition of the ritial density ontrast for that redshift, δc(z = 0).
In the next Setion we will employ the ritial density ontrast as a funtion of redshift
in order to to ompute the Press-Shehter funtion.
Figure 5. Non-linear evolution of δ (z) for dark matter (solid line) and dark energy
(dot-dashed line). The initial onditions are hosen suh that dark matter ollapses
today (z = 0). Also shown are the linearized evolution of dark matter (dashed line)
and dark energy (dotted line) perturbations. The left and right panels orrespond to the
parametrizations (w0, w1) = (−0.75, 0.4) (left panel) and (−1.1,−1) (right panel.)
5. Number Counts of Dark Matter Halos
We will use the Press-Shehter approah [41℄ in order to estimate the number
ounts of dark matter halos for dierent bins of redshifts and halo masses. More realisti
mass funtions ould be used (see, for instane, [42℄) but our intention here is simply
to point out how number ounts dier in senarios with dark energy ompared to the
standard ΛCDM model. We believe these dierenes would be essentially the same
in more sophistiated models of nonlinear struture formation, suh as the model of
ellipsoidal ollapse.
The Press-Shehter formalism assumes that the fration of mass in the universe
ontained in gravitationally bound systems with masses greater than M is given by the
fration of spae where the linearly evolved density ontrast exeeds a threshold δc, and
that the density ontrast is normally distributed with zero mean and variane σ2(M)
 the root-mean-square value of the density ontrast δ at sales ontaining a mass M .
Therefore, it is assumed that for a massive sphere to undergo gravitational ollapse at
a redshift z, its linear overdensity should exeed a ertain threshold δc, dened as the
linearly evolved density ontrast at the instant when the non-linear density ontrast
assoiated with the mass M diverges(i.e., at the moment of ollapse.) Sine eah sale
M ollapses at a given redshift (bigger masses, orresponding to larger sales, ollapse
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later), the ritial density ontrast is a funtion of redshift, δc = δc(z). Nevertheless,
notie that only linear quantities are used in this formalism. For a review of the Press-
Shehter formalism see, for instane, [43℄.
In order to illustrate how dark energy aets gravitational ollapse, in Fig. 6 we
show δc(z) in a few dark energy senarios. Notie that the inlusion of dark energy
perturbations has a dramati eet in δc(z), with a substantial suppression in the non-
phantom ase and a substantial enhanement in the phantom ase. If dark energy
perturbations are not inluded we reprodue the results of [15℄.
Figure 6. Values of the linear ritial density ontrast δc as a funtion of the ollapse
redshift. The solid line is the usual ΛCDM result. The values whih do not inlude dark
energy perturbations are shown for phantom (dashed line) and non-phantom (dot-dashed
line) ases. The values with dark energy perturbations are shown for phantom (long
dashed line) and non-phantom (long dot-dashed line). The non-phantom and phantom
ases orrespond to the same parametrizations used in Fig. 3.
These assumptions lead to the well-known analytial formula for the omoving
number density of ollapsed halos of mass in the range M and M + dM at a given
redshift z:
dn
dM
(M, z) = −
√
2
π
ρm0
M
δc(z)
σ(M, z)
d lnσ(M, z)
dM
exp
[
−
δ2c (z)
2σ2(M, z)
]
, (35)
where ρm0 is the present matter density of the universe and δc(z) is the linearly
extrapolated density threshold above whih strutures ollapse, i.e., δc(z) = δlin(z =
zcol).
The quantity:
σ(M, z) = D(z)σM (36)
is the linear theory rms density utuation in spheres of omoving radius R ontaining
the mass M , where D(z) ≡ δm(z)/δm(z = 0) is the linear growth funtion obtained
from Eq. (29). The smoothing sale R is often speied by the mass within the volume
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dened by the window funtion at the present time, see e.g. [44℄. In our analysis we
use the t given by [23℄:
σM = σ8
(
M
M8
)−γ(M)/3
, (37)
whereM8 = 6×1014Ω
(0)
M h
−1M⊙ is the mass inside a sphere of radius R8 = 8h
−1Mpc, and
σ8 is the variane of the over-density eld smoothed on a sale of size R8. The index γ
is a funtion of the mass sale and the so-alled shape parameter, Γ = Ω
(0)
M h e
−Ωb−Ωb/Ω
(0)
M
(Ωb = 0.05 is the baryoni density parameter) [23℄ :
γ(M) = (0.3 Γ + 0.2)
[
2.92 +
1
3
log
(
M
M8
)]
. (38)
For a xed σ8 (power spetrum normalization) the predited number density of
dark matter halos given by the above formula is uniquely aeted by the dark energy
models through the ratio δc(z)/D(z). In order to ompare the dierent models, we will
normalize to mass funtion to the same value today, that is, we will require:
σ8,Mod =
δc,Mod(z = 0)
δc,Λ(z = 0)
σ8,Λ , (39)
where the label Mod indiates a given model and we use σ8,Λ = 0.76 [6℄.
The eet of dark energy on the number of dark matter halos is studied by
omputing two quantities. The rst one is the all sky number of halos per unit of
redshift, in a given mass bin:
N bin ≡
dN
dz
=
∫
4pi
dΩ
∫ Msup
Minf
dn
dM
dV
dzdΩ
dM , (40)
where the omoving volume element is given by:
dV (z)
dzdΩ
= r2(z)/H(z), (41)
where r(z) =
∫ z
0
H−1(x)dx is the omoving distane. Note that the omoving volume
element depends only on the osmologial bakground and is idential for models with
and without perturbations in dark energy. The diferenes in the number ounts when
one inludes dark energy lumping are due to modiations in δc(z) and D(z).
The seond quantity we ompute is the all sky integrated number ounts above a
given mass threshold, Minf , and up to redshift z [16℄:
N(z,M > Minf) =
∫
4pi
dΩ
∫
∞
Minf
∫ z
0
dn
dM
dV
dz′dΩ
dMdz′ . (42)
Our knowledge of both these quantities for galaxy lusters will improve enormously
with upoming luster surveys operating at dierent wavebands, suh as the South Pole
Telesope [45℄.
We an now examine the modiations aused by a lustering dark energy
omponent on the number of dark matter halos with the same observable omputed
in the standard ΛCDM model. First we show how the dierent equations of state
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Figure 7. Evolution of number ounts in mass bins with redshift for objets with masses
within the range 1013 < M/(h−1M⊙) < 10
14
(top left panel), 1014 < M/(h−1M⊙) <
1015 (top right panel) and 1015 < M/(h−1M⊙) < 10
16
(bottom panel). The solid
line orresponds to the duial ΛCDM result. The number ounts inluding dark energy
perturbations are shown for non-phantom (long dot-dashed line) and phantom (long dashed
line) models. The results without the inlusion of dark energy perturbations are also shown
for non-phantom (dot-dashed line) and phantom (dashed line) models.
impat the number of dark matter halos in given mass bins [Minf ,Msup℄ typial of the
present-day osmologial strutures, namely [1013, 1014℄h−1M⊙, [10
14, 1015℄h−1M⊙ and
[1015, 1016℄ h−1M⊙. The number ounts in mass bins, N bin = dN/dz, obtained from
(40), are shown in Fig. 7. In eah panel we plot the atual number ounts together with
the number ounts omputed for a duial ΛCDM model (solid lines), for eah mass
bin. Notie that the more massive strutures are less abundant and form at later times,
as it should be in the hierarhial model of struture formation. There is a slight shift of
the peak redshift for struture formation in the distint dark energy models onsidered.
The dierenes with respet to the ΛCDM model beome more signiant in the bins
with larger masses  but, of ourse, given the small number of suh massive objets, the
unertainty due to shot noise also beomes inreasingly important.
Another important observable quantity is the integrated number of ollapsed
strutures above a given mass, Eq. (42). We present results for the integrated number
ounts of strutures with masses above 1013h−1M⊙, 10
14h−1M⊙, and 10
15h−1M⊙ (we
ut-o the integration at Msup = 10
18h−1M⊙, as suh giganti strutures ould not in
pratie be resolved today.) The results are displayed in Fig. 8, always ompared with
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Figure 8. Evolution of the integrated number ounts up to redshift z for objets
with M > 1013h−1M⊙ (top left panel), M > 10
14h−1M⊙ (top right panel) and
M > 1015h−1M⊙ (bottom panel). The lines orrespond to the same ases as in Fig. 7.
the results for the duial ΛCDM model (solid lines.) Notie that the integrated number
has a plateau that reets the epoh of struture formation for a given mass. In other
words, there is no formation of strutures with mass above 1013h−1M⊙, 10
14h−1M⊙, and
1015h−1M⊙ for redshifts roughly above z = 2, 1.5 and 0.7, respetively. Again we nd
large dierenes ompared to the ΛCDM model when dark energy perturbations are
inluded.
6. Conlusions
Our main goal in this paper was to study the eets of inluding dark energy
perturbations in the evolution of matter perturbations in the linear and in the non-linear
regimes. Sine we do not know what dark energy really is, we developed a formalism
whereby we an diretly use a parametrization of its equation of state in order to address
this issue.
We have shown that the spherial ollapse and the pseudo-newtonian approahes
to the study the non-linear evolution of dark matter and dark energy perturbations are
equivalent when one adopts an eetive speed of sound c2eff = w. In the languange of
spherial ollapse, this is equivalent to assuming that the equation of state is the same
inside and outside the ollapsed region.
We found distint behaviours in the evolution of the dark matter perturbations
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for phantom and non-phantom forms of dark energy. Inlusion of dark energy
perturbations inhibits the growth of dark matter perturbations for the non-phantom
ase but it enhanes this growth in the phantom ase. The reason is that dark matter
overdensities lead to dark energy overdensities in the non-phantom ase, but they lead
to underdensities in the phantom ase. Due to its gravitationally repulsive nature, dark
energy overdensities inhibit, while dark energy underdensities help, the growth of dark
matter perturbations.
This eet is small in the linear regime but beomes dramati when studying the
ollapsed regions that have formed more reently. In partiular, we found a large
modiation in the ritial density δc(z) even for moderatly low redshifts.
We used the Press-Shehter formalism to estimate the modiations due to dark
energy perturbations in observational quantities suh as number ounts of galaxy
lusters, whih reet the formation and distribution of dark matter halos. We found
that there are large deviations ompared to the standard ΛCDM model, whih are more
signiant for the larger strutures. We expet that these large deviations are a general
onsequene of taking into aount the non-linear dark energy perturbations that are
gravitationally oupled to the dark matter perturbations.
Although our use of the EoS to desribe dark energy perturbations learly
onstitutes a partiular ase, our hoie was guided by the equivalene between the
SC and PN approahes. However, we believe that more general models an still be
desribed onsistently in both approahes [46℄. Hopefully future data on number ounts
of galaxy lusters will be able to disriminate among dierent models of dark energy.
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Appendix A.
In this paper we have analyzed the non-linear evolution of dark energy and dark matter
perturbations using the PN. One an ask about the validity of suh a model when
pressure is taken into aount. Here we expliitly show that, up to linear order, pseudo-
newtonian equations are in good agreement with general relativity perturbation theory.
The relativisti equation for the gauge invariant perturbation, for a single perfet
uid an be written as [47℄:
δ¨+2H
[
1− 3
(
w −
c2s
2
)]
δ˙+
3H2
2
(
3w2 − 8w − 1 + 6c2s
)
δ = −
k2
a2
c2effδ .(A.1)
Negleting the term on RHS, whih an be understood as a large sale approximation
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or a top-hat prole, and taking w = const = c2s we have:
δ¨ + 2H
[
1−
3w
2
]
δ˙ +
3H2
2
(
3w2 − 2w − 1
)
δ = 0 , (A.2)
using H = 2/3 (1 + w) t:
δ¨ +
4− 6w
3 (1 + w)
δ˙
t
+
6w2 − 4w − 2
3 (1 + w)2
δ
t2
= 0 . (A.3)
The solution to the relativisti equation above an be written as:
δ = C+t
2(1+3w)/3(1+w) + C−t
−1+2w/1+w . (A.4)
In PN, Eq. (25), up to linear terms, with c2eff = w = const and δPN with no spatial
dependene, is written as:
δ¨PN + 2Hδ˙PN −
3H2
2
(1 + w) (1 + 3w) δPN = 0 . (A.5)
and its solution is:
δPN = C+t
2(1+3w)/3(1+w) + C−t
−1 . (A.6)
The relativisti and pseudo-newtonian solutions dier only in the deaying mode.
Note that for dust, w = 0, the two solutions oinide, even for the SC model [21, 48, 49℄.
Although both theories seem to be in good agreement, we must be wathful of phantom
models. In this ase the usual relativisti deaying mode ∼ t−1+2w/1+w beomes a
growing mode, while in PN it is always deaying. This behaviour is expeted when
phantom dark energy starts to dominate and shows that growing perturbations phantom
dark energy inrease the gravitational potenial, unlike one should expet from a
homogeneous phantom dark energy model. For all other values of −1 < w ≤ 1 the
relativisti solution ∼ t−1+2w/1+w is a deaying mode. Hene, if the sub-dominant mode
is not irrelevant for some reason, then the PN may not be reliable for phantom models at
times when dark energy is strongly dominating the bakground evolution, i.e, Ωde ≈ 1.
Fortunately, this situation does not arise in our study.
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